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Abstract. — A famous theorem of Harish-Chandra shows that all invariant eigendis- 
tributions on a semisimple Lie group are locally integrable functions. We give here an 
algebraic version of this theorem in terms of polynomials associated with a holonomic 
©-module. 

Resume (6-fonctions et solutions integrables des modules holonomes) 

Un celebre theoreme de Harish-Chandra montre que les distributions invariantes 
propres sur un groupe de Lie semisimple sont des fonctions localement integrables. 
Nous donnons ici une version algebrique de ce theoreme en termes de polynomcs 
associes a un ©-module holonome. 



Introduction 

Let Gr be a real semisimple Lie group and 0r be its Lie algebra. An invari- 
ant eigendistribution T on Gr is a distribution which is invariant under conjugation 
by elements of Gr and is an eigenvector of every bi-invariant differential operator 
on Gr. The main examples of such distributions are the characters of irreducible 
representations of Gr. A famous theorem of Harish-Chandra sets that all invariant 
eigendistributions are L^-functions on Gr 0]- After transfer to the Lie algebra 
by the exponential map, such a distribution satisfies a system of partial differential 
equation. 

In the language of ©-modules, these equations define a holonomic C-modules on 
the complexified Lie algebra g. We call this module the Hotta-Kashiwara module as 
it has been defined and studied first in In |20l . J. Sekiguchi extended these results 
to symmetric pairs. He proved in particular that a condition on the symmetric pair is 
needed to extend Harish-Chandra theorem. In several papers, Levasseur and Stafford 
|15| |16| |17| gave an algebraic proof of the main part of Harish-Chandra theorem. 
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In [3], we defined a class of holonomic 2?- modules, which we called tame V '-modules. 
These P-modules have no quotients supported by a hypersurface and their distribution 
solution are locally integrable. We proved in particular that the Hotta-Kashiwara 
module is tame, recovering Harish- Chandra theorem. The definition of tame is a 
condition on the roots of the ^-functions which are polynomials attached to the D- 
module and a stratification of the base space. However, the proof of the fact that the 
Hotta-Kashiwara module is tame involved some non algebraic vector fields. 

The first aim of this paper is to give a completely algebraic version of Harish- 
Chandra theorem. We give a slightly different definition of tame and an algebraic 
proof of the fact that the Hotta-Kashiwara module is tame. This proof is different 
from the proof of j2] and gives more precise results on the roots of the 6-functions. 
However our first proof was still valid in the case of symmetric pairs while the present 
proof uses a morphism of Harish-Chandra which does not exist in that case. 

Our second aim is to answer to a remark made by Varadarajan during the Ramis 
congress. He pointed the fact that an invariant eigendistribution, considered as a 
distribution on the Lie algebra by the exponential map, is not a solution of the 
Hotta-Kashiwara module. A key point in the original proof of Harish-Chandra is 
precisely the proof that after multiplication by a function, the eigendistribution is 
solution of the Hotta-Kashiwara module (see 23 ) . The study of the Hotta-Kashiwara 
module did not bypass this difficult step. Here we consider a family a holonomic 
£>-module, which we call (H-C)-modules; this family includes the Hotta-Kashiwara 
modules but also the module satisfied directly by an eigendistribution. We prove that 
these modules are tame and get a direct proof of Harish-Chandra theorem. 

1. V- filtration and ^-functions. 

We first recall the definition and a few properties of the classical ^-filtration, then 
we give a new definition of quasi-homogeneous 6-functions and of tame £>-modules. 
We end this section with a result on the inverse image of 2?-modules which will be a 
key point of the proof in the next section. 

1.1. Standard l^-filtrations. — In this paper, (X, Ox) is a smooth algebraic va- 
riety defined over fc, an algebraically closed field of characteristic 0. The sheaf of 
differential operators with coefficients in Ox is denoted by T>x- The results and the 
proofs are still valid if k = C, X is a complex analytic manifold and T>x is the sheaf 
of differential operators with holomorphic coefficients. 

Let Y be a smooth sub-variety of X and Xy the ideal of definition of Y . The 
V- filtration along Y is given by |10j : 

V k v x = {PeV x \ Y \yieZ,Pi Y c i l + k } 

(with l l Y = Ox if I < 0). 

This filtration has been widely used in the theory of ©-modules, let us recall some 
of its properties (for the details, we refer to (19] . |12) . [18] . |14| ). The associated 
graded ring gryT>x is the direct image by p : TyX — > X of the sheaf T>t y x of 
differential operators on the normal bundle TyX. If Ai is a coherent £>x-module, a 
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Wx-Gltration on M. is a good nitration if it is locally finite, i.e. if, locally, there are 
sections (u 1: . . . , un) of M and integers (ki, ■ ■ . , fcjv) such that VkM = Vh-hJ^xUi. 

If M. is a coherent 2?x-module provided with a good ^-filtration, the associated 
graded module is a coherent gryDx-module and if M is a coherent submodule of M. 
the induced filtration is a good filtration (see (191 Chapter III, Proposition 1.4.3] or 

nu). 

Let dy be the Euler vector field of the fiber bundle TyX, that is the vector field 
verifying Oy(f) — kf when / is a function on TyX homogeneous of degree k in the 
fibers of p. A b-function along Y for a coherent 2?x-module with a good ^-filtration 
is a polynomial b such that 

Vfe e Z, b{9 Y + k)gr\M = 

If the good V-filtration is replaced by another, the roots of b are translated by integers. 
Here, we always fix the filtration, in particular, if the 2?x-modules is of the type T>x /I, 
the good filtration will be induced by the canonical filtration of Vx ■ 

1.2. Quasi-homogeneous y-flltrations and quasi-6-functions. — Let (p = 

(<Pi, ■ ■ . , <Pd) be a polynomial map from X to the vector space W — k d and 
mi, . . . , TOd be strictly positive and relatively prime integers. We define a filtration 
on O x by: 

(m,a) — — k 

with a eN d , (m,a) = J2 and ip a = ip" 1 . . . ip a d d . If k > we set V£O x = O x ■ 
This filtration extends to T>x by: 

V*Vx = { P 6 V x | V/ G Z, PVfOx C V^Ox } (1) 

Definition 1.2.1. — A ((p, m)-weighted Euler vector field is a vector field r\ in 
Y]j (fiVx such that Tj((fi) — mnpi for % = 1 . . . d. (Vx is the sheaf of vector fields 
on X.) 

Lemma 1.2.2. — Any (jp,m) -weighted Euler vector field is in Vq'Dx and if Tj\ and 
r)2 are two (ip,m) -weighted Euler vector fields, r\\ — 772 is in Vf^Dx- 

The map ip may be not defined on X but on an etale covering of X. More precisely, 
let us consider an etale morphism v : X' — > X and a morphism ip : X' — > W = k d . 
If mi, . . . , 777(2 are strictly positive and relatively prime integers, we define V^Ox as 
the sheaf of functions on X such that f v is in VfOx 1 - This defines a T^-filtration on 
Ox and on T>x by the formula The map TX' —> TX Xx X' is an isomorphism 
and a vector field 77 on X defines a unique vector field r*(n) on X'. So, we define a 
(ip, m)-weighted Euler vector field on X as a vector field 77 on A such that T*(rj) is a 
(ip, m)-weighted Euler vector field on A'. 

Definition 1.2.3. — Let u be a section of a coherent T>x -module M.. A polynomial 
6 is a quasi-6- function of type ((/J, m) for w if there exist a (<p, 777)-weighted Euler vector 
field 77 and a differential operator Q in Vf_{Dx such that (6(77) + Q)u = 0. 
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The quasi-6-function is said regular if the order of Q as a differential operator is 
less or equal to the order of the polynomial b and monodromic if Q = 0. 

The quasi- b- function is said tame if the roots of b are strictly greater than — ^ m, . 

These definitions are valid for any map tp but here we always assume that tp is 
smooth. Then if Y = <^ _1 (0), we say for short that b is a quasi-fe- function of total 
weight \m\ — J2 m i along Y. Remark that lemma H . 2 . 21 shows that the definition is 
independent of the (tp, rn)-wcightcd Eulcr vector field rj. 

Let Ai be a coherent T>x -module. A yT'x-filtration on M. is a good filtration if 
it is locally finite. 

Definition 1.2.4- — Let M be a coherent X>x-module and V V M a good V v Vx~ 
filtration. A polynomial b is a quasi-6-function of type (tp, m) for V V A4 if, for any 
k e Z, b(n + k)V^M C Vlf_ 1 M where r\ is a (tp, m)-weighted Euler vector field. 
The quasi-6-function is monodromic if b(n + k)Vj?A4 = 0. 

Definition 11.2.31 is a special case of definition 11.2.41 if T>xu is provided with the 
filtration induced by the canonical filtration of T>x ■ 

Recall that if M. is a Z?x-module its inverse image by v is its inverse image as an 
Cx-module, that is: 

v + M = O x > ®v-io x v^M = Vx'^x v^M 

where Vx'^x is the (Vx 1 , ^ _1 2?x)-bimodule Ox 1 ®v- x o x v ~ l T^x- 

Lemma 1.2.5. — Let v : X' — » X be an Stale morphism and let tp be a morphism 
X' — > W = k d . Let M. be a coherent T>x -module. 

The polynomial b is a quasi-b- function of type (tp, m) for a section u of M if and 
only if it is a quasi-b -function of type (tp, m) for the section 1 <S> u of v + A4. 

Proof. — If v : X' — > X is etale, the canonical morphism T>x< ~^ L>x'^x given by 
P 1 ► P(l (g) 1) is an isomorphism and defines an injective morphism v* : v~ x T>x — * 

Conversely, the morphism v : v*O x > -> O x given by v(f)(x) = Y^ y ^ v -^{ x ) f(v) 
extends to a morphism v^Vx 1 —> Vx- 

These two morphism are compatible with the ^-filtration defined by tp and , by 
definition, a vector field rj on X is a (tp, m)-weighted Euler vector field if and only 
if v*(rf) is a (tp, m)-weighted Euler vector field on X' . If (6(77) + R)u = we have 
(b(v*n) + v*R)(l (g> u) = Q and conversely, if (b(i/*n) + R x )(l ® u) = then (b(-n) + 
v*R x )v, = 0. □ 

Remark 1.2.6. — In [3] we gave an other definition of the V* -filtration and quasi- 
6-function. The two definitions are essentially equivalent in the analytic framework 
but may differ in the algebraic case. More precisely, the filtration in [3] is given by 
a vector field i] which we called positive definite. For a given T^-filtration, we may 
find a defining vector field with coefficients in formal power series (or in convergent 
series if k = C) but in general not in rational functions. The definition of [3] is more 
intrinsic in the analytic case but not suitable here. 
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1.3. Tame P-modules. — Let us recall that a stratification of the manifold X is a 
union X — [J a X a such that 

— For each a, X a is an algebraic subset of X and X a is its regular part. 

— {X a } a is locally finite. 

- X a _C\Xp = $ fora ^ (3. 

- If X a n Xp ^ then X a DX . 

If M. is a holonomic X>x-module, its characteristic variety Ch(A4) is a homogeneous 
lagrangian subvariety of T*X hence there exists a stratification X = {J X a such that 
Ch(M) C \J a T x a x M Ch - 5 1- The set of points of X where Ch(M) is contained in 
the zero section of T* X is a non empty Zarisky open subset of X, its complementary 
is the singular support of AL 

For the next definition, we consider a cyclic 2? -module with a canonical generator 
A4 = T>xu = T>x/I where X is a coherent ideal of T>x- 

Definition 1.3.1. — The cyclic holonomic D^-module M. = T>x u is tame if there 
is a stratification X = {jX a of X such that Ch(M) C U Q T x X and, for each a, a 
tame quasi- 6-function associated with X a . 

With definition 1 1.2. 31 this means that for each a, there is a smooth map (p a from 
a Zarisky open set of X to a vector space V such that X a = i J 9~ 1 (0), positive integers 
mi, . . . , m<i, a (<p, m)-weighted Euler vector field r\ and a quasi-6-function b a for u 
with roots > — Y]mj. A subvariety of X is conic for rj a if it is invariant under the 
flow of r\ a . The module M. is conic tame if it satisfy definition 11.3.11 and if moreover 
the singular support of M. is conic for each rj a . 

The following property of a tame 2?x-module has been proved in |3j: 

Theorem 1.3.2. — If the T>x -module M. is tame then it has no quotient with sup- 
port in a hypersurface of X . 

If M is a real analytic manifold and X its complexification, we also proved: 

Theorem 1.3.3. — Let M. be a holonomic and tame T>x -module, assume that its 
singular support is the complexification of a real subvariety of M , then M. has no 
distribution solution on M with support in a hypersurface. If M. is conic-tame, its 
distribution solutions are in L\ . 

Remark 1.3-4- — It is important to note that the definition of tame and the con- 
clusions of theorem II .3. 31 depend of the choice of a generator for A4. 

1.4. Inverse image. — Let ip : X — > W and (p' : X' — > W be two morphisms 
from smooth algebraic varieties X and X 1 to the vector spaces W = k d and W — 
k d , let mi, . . . , nrid and m[, . . . , m! d , be strictly positive integers. Let / : X' — ► X 
and F : W' — » W be two morphisms such that <p f — F ip' . We assume that 
F is quasi-homogeneous, that is F = (Fi,...,Fd) with Fi(X mi xi, . . . , X" 1 ^' x^') = 
X m *F{xx,...,x d >). 

If TV is a Z?x-module its inverse image by / is: 

f+N = o x > ®/-i 0jr r 1 ^ = Vx-^x ® f -iv x r x x 
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where T>x<^x is the (T>x>, f 1 Px)-bimodule Ox 1 ®f~ 1 o x f l ^X- 
We define a filtration on T>x>^x by 

Vg'v x ^x = Y vfOx^r^Vx 

i+j — k 

By the hypothesis, g f is a section of Vjf Ox 1 for any g section of VjfOx, hence 
the filtration on T>x'^x is compatible with the corresponding nitrations on T>x> and 

If a V x -module N is provided with a ^'-filtration, this defines a T>x> -filtration 
on /+A/" by 

Vff + M= Y vfo x >®.r 1 VfN= Y, vfVx^xQf^VfAT (2) 

i+j—k i+j—k 

The ^-filtration has not all the good properties of the usual filtration, in particular 
non invcrtiblc elements may have an invertible principal symbol. In the proof of 
theorem II .4. II we introduce its formal completion given by: 

V x \y = limFfc£>x|y with V k V x \Y = lim V k T>x/Vk-iVx 

k I 

By definition the graded ring of T>x\y is the same than the graded ring of T>x- If 
M. is a coherent 2>>f -module provided with a good ^-filtration, its completion VM is 
defined in the same way and has the same associated graded module than V M . The 
following properties may be found in |19| and |14j . 

The sheaf T>x\y is a coherent and noetherian, flat over T>x- We remind that a 
coherent sheaf of rings A is noetherian if any increasing sequence of coherent A- 
submodules of a coherent ,4-module is stationary. The sheaf of rings VqD X \y is also 
coherent and noetherian. 

If M is a D^-module provided with a good V^-filtration, the associated graded 
module is a coherent gryPx-module and if A/" is a coherent submodule of M the 
induced filtration is a good filtration. If k : (V X \y) N M is a filtered morphism 
which defines a surjective graded morphism gry (T>x\y) N ~ * gryM — > then k is 
surjective. 

As T>x\y is flat over T>x, if M is coherent we have VM = T>x\Y ®v x Remark 
also that VOx, the completion of Ox for the V- filtration, is the formal completion 
of Ox along Y usually denoted by O ^ y and T> x \y is a O^jy-module. 

After completion by the ^-filtration, we get a similar formula: 

V h v 'f + M= Y vfo X '®r x VfN (3) 

i-\-j—k 

Let Y = tp^ity and Y> = <£>' _1 (0), let p : T Y X -> X and p' : T Y >X' -> X' be the 
normal bundles, / : TyX' —* TyX be the map induced by /, 

Theorem 1.4- 1- — We assume that tp' is smooth on X' . If M is a holonomic T>x~ 
module provided with a good V v T>x -filtration, then f + N is holonomic, p' 1 gr Vlp i f + J\f 
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is equal to f+p 1 gryeM and isomorphic to the graded module associated with a good 
V*'V X > -filtration of f+M. 

Proof. — We recall that if M is coherent, then f+M is not coherent in general but if 
M is holonomic, then f+M is holonomic [§]. 

The filtration on M is a good V^X^-filtration hence we may assume that there are 
sections (m,..., u q ) of M and integers (fei, . . . , k q ) such that VjfM = ^k-k ^ xUi - 
Let T>x'^x[N] be the sub-X>x' -module of T>x>^x generated by the sections of T>x 
of order less or equal to N . This submodule is finitely generated hence coherent. 
For each N , (u\, . . . ,u q ) defines a canonical morphism (T>x'^x[N]) q — ► f+M and 
the family of the images of these morphisms is an increasing sequence of coherent 
submodulcs of the coherent 2?x'-module f + N '. As T>x' is a noetherian sheaf of rings, 
this sequence is stationary, hence there is some No such that for each N > Nq, 
the morphism (T>x'^x[N]) q — > f+M is onto. The filtration V v Vx'^x induces a 
good filtration on T>x'^x[N] hence, for N > No a good filtration on f+M which 
is denoted by Vjf [N]f + JV. To prove the theorem, we will prove that if N is large 
enough, gryf + M is equal to the graded module grv[N\f + N associated with the good 
filtration vf[N]f+M. 

We assume first that the integers m! i are equal to 1, that is that the V v -filtration 
is the usual ^-filtration on the non singular variety Y' = (^ /_1 (0). For N > Nq, 
P l ~ 1 9 r v[N]f + N is a coherent T>t y , jf-module. A direct calculation shows that 
P 11 9 r v / + A/" = f + p~ 1 gryj\f. If J\f is holonomic then gryAf is also holonomic (121 
Cor 4.1.2.] hence p'~ 1 gr\rf + M is holonomic hence coherent. 

Consider the completion Vf+Af of f+M for the ^-filtration and V[N]f+N of f+M 
for the V[iV]-filtration. The graded module of V f+M is equal to the graded module 
of V f+M which is coherent. Let Hi, . . . , um be local sections of V f+M whose classes 
generate the graded module, then u\,...,um generate V f+M as a filtered VV X '\y>- 
module and applying the same result to the kernel of (VT>x>\y') M ~ ¥ V f + M' we get 
that V f+M admits a filtered presentation 

{vv X '\y') l - <yv x , [Y ,) M - vf+M - o. 

This shows in particular that each Vkf+M is a coherent Vbl^'ir'-module. We know 
that, for any N, gry[N]f + M' is coherent hence for the same reason, each Vk[N]f+M 
is a coherent Vbi?x'|Y'- m °dule. 

Consider the family of the images of Vk[N]f+M in Vkf+M, it is an increasing 
sequence of coherent sub-modules of the coherent Vb^A'iy-module Vkf+M hence 
it is stationary because the sheaf of rings VqV X '\y' is noetherian. Moreover, the 
filtration Vf+M is separated hence the maps Vk[N]f+M — * Vkf+M are injective 
and the union of the images is all Vkf+M, so there is some Nq such that for any 
N > N , V k [N]f+M = Vkf+M. This implies that gr v f+M = gr v[N] f+M is the 
graded module associated with a good F-filtration of f+M. 
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Assume now that the numbers are positive integers. Let W" = W , we define 

the ramification map F m : W" — > W by F(s\, . . . , sj) — (s™ 1 , . . . , s™ d ) and the 
corresponding map f m : X" = X' Xw W" — > X. Applying the first part of the proof, 
we get V[N]f+f+Af = Vf+f+Af if N is large. The formula © shows that 

Vf+f+Af = VO x » ® f -^ 0x , r l v?N = O w ® ~, r x vfM. 

Here is the set of formal power series in (s\,...,Sd) while Oy, is the set of 
formal power series in (s™ 1 , . . . ,s d d ) hence is a finite free Oy, -module. So, if 
M' = £mj, Vf+f+Af is isomorphic to (Vf+Af) M ' as a FOx' -module. 

In the same way, V[N]f+f+Af is isomorphic to {V[N]f+Af) M ' , hence F[iV]/+A/' = 
1 / [7V]/ + A/'. This shows that gr v ^ f + Af is the graded module associated with 
V^' [N]f+Af which is a good filtration of f+Af. □ 

Remark 1.4-2. — The result was known when / is a submersion, Y' = and 
the V- nitrations being the usual F-filtrations along Y and Y' |14| . The introduction of 
the weights m< and m' i allows / to be non submersive and Y' to be a proper subvariety 
of f^ 1 (Y); the relation between the weights is given by the quasi- homogeneity of F. 

Corollary 1.4-3. — Under the hypothesis of theorem \1.4-.l\ if AT is a holonomic T>\- 
module provided with a good V v T>x -filtration, f + Af is provided with a good V v T>x> - 
filtration such that a polynomial b is a quasi-b- function of type (if, m) for the filtration 
of Af if and only if b is a quasi-b -function of type ((p',m') for the filtration of f + Af. 

Proof. — Let 77' be a (93', m')- weighted Euler vector field, then 77 = f^rj' is a ((p,m)- 
wcightcd Euler vector field. As dcfinition ll.2.4l is independent of the (ip, m)-weightcd 
Euler vector field, we may assume that the quasi-&-function for Af is relative to ?y. 

By definition, for any Q in T>x'^x, we have rj'Q = Qrj hence for any polynomial 
b(y')Q — Qb(v) which shows the corollary. □ 

Corollary 1.4-4- — Under the hypothesis of theorem \1.4-1\ if Af is a holonomic 
T>x-module and u a section of Af with a quasi-b -function of type ((p,m), then the 
section lx'— >x ® u of f + Af has the same polynomial b as a quasi-b -function of type 
(<p',mf). 

Proof. — Recall that lx 1 — >x is the canonical section 1 (g) 1 in T> X t^ x — Ox 1 ®f- 1 o x 
f~ 1 T>x. If u is a section of Af, we set on T>xu the filtration image of the filtration 
of T>x- Then, by definition of the filtration V v [N]f + Af used in the proof of theorem 
11.4.11 lx'->x ® m is of order for this filtration. Then corollary 1 1.4. 41 is a special case 
of corollary [TO □ 

2. Reductive Lie algebras. 

2.1. Statement of the main theorem. — Let G be a connected reductive algebraic 
group with Lie algebra g, let q* be the dual space of g. The group G acts on g by 
the adjoint action hence on the symmetric algebra S(g) identified to the space 0(q*) 
of polynomial functions on g*. By Chevalley's theorem, the space 0(g*) G ~ S(g) G 
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of invariant polynomials on g* is equal to a polynomial algebra k[Qi, . . . , Qi] where 
Qi,...,Qi are algebraically independent. These spaces are graded and we denote 
5+(g) G = (Bk>oSk(B) G ■ K is also the set 0+(g*) G of invariant polynomials vanishing 
at {0}, their common roots are the nilpotent elements of g*. 

The differential of the adjoint action induces a Lie algebra morphism r : g — > 
Der5(g*) by: 

(r(i4)/)(x) = ^/(exp(-tA).a:)| t= o for A e fl, / e 5(fl*) = 0(g),x e fl 

i.e. t(A) is the vector field on 9 whose value at x 6 g is to [x, A}. We denote by r(g) 
the set of all vector fields t(A) for i£g. It is the set of vector fields on g tangent to 
the orbits of G. 

Let T> G be the sheaf of differential operators on g invariant under the adjoint action 
of G. The principal symbol tr(P) of such an operator P is a function on T*g = g x g* 
invariant under the action of G. Examples of such invariant functions are the elements 
of S(q) g identified to functions on g x g* constant in the variables of g. If F is a 
subsheaf of T> G , we denote by a(F) the sheaf of the principal symbols of all elements 
of F. 

Definition 2.1.1. — A subsheaf F of T> G is of (H-C)-type if er(F) contains a power 
of 5 + (g) G . An (H-C)-type £> g -module is the quotient M.p of V g by the ideal X F 
generated by r(g) and by F . 

The main result of this paper is 

Theorem 2.1.2. — Any T> B -module of (H-C)-type is holonomic and conic-tame. 

Here (H-C) stands for Harish-Chandra. There are two main examples of such 
£> fl -modules which we describe now. 

Example 2.1.3. — An element A of g defines a vector field with constant coefficients 
on g by: 

(A(D x )f)(x) = ^-f(x + tA)\ t=0 for /e5(g*),xeg 
at 

By multiplication, this extends to an injective morphism from 5(g) to the algebra 
of differential operators with constant coefficients on g; we identify 5(g) with its image 
and denote by P(D X ) the image of P 6 5(g). If F is a finite codimensional ideal of 
5(g) G , its graded ideal contains a power of 5 + (g) G hence when it is identified to a set 
of differential operators with constant coefficients, F is a subsheaf of T> 3 of (H-C)-type 
and Mf is a 2? B -module of (H-C)-type. If A 6 Q*, the module defined by Hotta 
and Kashiwara |B] is the special case where F is the set of polynomials Q — Q(X) for 
Q e 5(g) G 

Example 2.1.4- — The enveloping algebra U(q) is the algebra of left invariant dif- 
ferential operators on G. It is filtered by the order of operators and the associated 
graded algebra is isomorphic by the symbol map to 5(g). This map is a G-map and 
defines a morphism from the space of bi-invariant operators on G to the space 5(g) G . 
This map is a linear isomorphism, its inverse is given by a symmetrization morphism 
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|22l Theorem 3.3.4.]. We assume that k = C. Then, through the exponentional map 
a bi-invariant operator P defines a differential operator P on the Lie algebra g which 
is invariant under the adjoint action of G (because the exponential intertwines the 
adjoint action on the group and on the algebra) and the principal symbol a(P) is 
equal to <j{P). 

Let U be an open subset of g where the exponential is injective and Uq = exp(J7). 
Let T be an invariant eigendistribution on XJq and T the distribution on U given by 
(T,ip) = (T, <p exp). As T is invariant and eigenvalue of all bi-invariant operators, 
T is solution of an (H-C)-type D fl -module. As this module is conic-tame by theorem 
12.1.21 the results of theorems 11.3.21 and 11.3.31 are true for it, hence T and T are a 
£f oc -function. 

As g is reductive, it is the direct sum c © [g, g] of its center and of the semi-simple 
Lie algebra [g,g]. We choose a non-degenerate G-invariant symmetric bilinear form 
k on g which extend the Killing form of [g, g\. This defines an isomorphism from g* 
to g and the cotangent bundle T*g = g x g* is identified with g x g. Then if J\f(g) 
is the nilpotent cone of g, the characteristic variety of an (H-C)-type P fl -module is a 
subset of: 

{ (x, y) G g x g | [x, y] = 0, y G Af(g) } 
so it is a holonomic 2? g -module |6]. 

2.2. Stratification of a reductive Lie algebra. — In this section, we define the 
stratification which will be used to prove that an (H-C)-type module is tame. This 
stratification is classical (see [l| for example). 

The stratification of a reductive Lie algebra is the direct sum of the center by the 
stratification of the semi-simple part, so we may assume that g is semi-simple. An 
element X of g is said to be semisimple (resp. nilpotent) if ad(X) is semisimple (resp 
ad(X) is nilpotent). Any l£g may be decomposed in a unique way as X = S + N 
where S is semisimple, N is nilpotent and [S, N] = (Jordan decomposition). An 
element X is said to be regular if the dimension of its centralizer g x = { Z G g \ 
[X, Z] = } is minimal, that is equal to the rank of g. The set g rs of semisimple 
regular elements of g is Zarisky dense and its complementary g' is defined by a G- 
invariant polynomial equation A(X) = 0. The function A may be defined from the 
characteristic polynomial of ad(X): 

det (T.Id - ad(X)) = T n + ^ \i{X)T 

Here n is the dimension of g. Then Ao = 0, the rank I of g is the lowest i such that 
A; ^ and A(X) = \i(X). This function is homogeneous of degree n — I. 
The set 01(g) of nilpotent elements of g is a cone equal to: 

^(0) = {^eg|VPGO(g) G P(X) = P(Q)} 

and the set of nilpotent orbits is finite and define a stratification of 01 (1 II Cor 3.7.]. 

We fix a Cartan subalgebra () of g and denote by 2U the Weyl group 2B(g, t)). Let 
$ = <f>(g, f)) be the root system associated with t). For each a 6 $ we denote by 
g a the root subspace corresponding to a and by t) Q the subset [g Q ,g- Q ] of f) (they 
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are all 1-dimensional). Let 3- be the set of the subsets P of $ which are closed and 
symmetric that is such that (P + P) n $ C P and P = —P. For each P £ T we 
define \) P = J2 a eP^, 0p = E Qe p0a, f)p = {H £ f) | a(iPj = if a S P} and 
(f)£)' = { H £ \) | a(if) = if a £ P, a{H) ^ if a £ P }. 
The following results are well-known (see [2] Ch VIII, §3]): 

a) qp = f)p + 0p is a semisimple Lie subalgebra of g stable under ad f) and f)p is an 
orthocomplement of \)p for the Killing form, fjp is a Cartan subalgebra of qp. The 
Weyl group 2Up of (qp, f)p) is identified to the subgroup W of 2U of elements whose 
restriction to t)p is the identity. 

b) f) + 0p is a reductive Lie subalgebra of g stable under adf). For any S £ f)p, 
HgpCg 5 and (f) P )' = { 5 e f) P | s = f) + 0p }. 

c) Conversely, if S £ f), there exists a subset P of <& which is closed and symmetric 
such that q s — f) + Qp. P is unique up to a conjugation by 2U. 

To each P of T and each nilpotent orbit D of qp we associate a conic subset of g 

S(P,D)= IJ G.(X + D) (4) 

where G.(X + D) is the union of orbits of points X + £>. 

If X = 5 + is the Jordan decomposition of X £ g, the semisimple part S belongs 
to a Cartan subalgebra which we may assume to be f) because they are all conjugate. 
Hence there is some P in T such that s = f) + 0p. Then, if the orbit of N in qp is 
O, X £ Srp t £)y For a detailed proof of the fact that it is a stratification, see [5| . 



2.3. Polynomials and differentials. — Let us begin with some elementary cal- 
culations. If [3 = (/?i,...,/3„) is a multi-index of N n we denote |/?| = Y^fii an d 
(3\ = /3±\...(3 n \, if a is another element of N™, we denote by a < (3 the relation 
ai < Pi, ■ ■ ■ , a n < (3 n - 

Lemma 2.3.1. — Let (3 £ N n and M = \(3\, let N £ N such that N < M, then 

TT-y /?! _ Ml 

^ a\((3-a)\ ~ NUM-NV. 

\a\=N ' v ' 

a</3 



Proof. 



hence if t — x\ = ■ ■ ■ = x n we get 



V - i H = (1 + t) M 

and the coefficient of t N in both side of the equality gives the lemma. □ 
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Lemma 2.3.2. — Let us denote x = (x±, . . . , x n ), D x — (D X1 , . . . , D Xn ) , x a = 
(x* 1 , . . . ,x%>) and D x = (D^,...,D^) ; let 6 = Y J x i D Xi , then : 

^x a D% = 9(9-l)...(9-N+l) 

\a\=N 

Proof. — To prove the equality of the two differential operators we have to show that 
they give the same result when acting on a monomial x@ , so lemma 12 . 3 . 1 1 gives : 

V ^x°D« x 0= V ^jj^x? = ,. ^ = 9(9 — 1)...(9 — N + l)x? 

a<f3 

□ 

Proposition 2.3.3. — Letpi, . . . ,p n (£) be homogeneous polynomial on X = C n and 
assume that: 

n 

n{w(o=o}={o> 

i=l 

Let X be the ideal ofT>x generated by pi(D x ) . . .p n {D x ) and M. — T>x/T. The T>x 
module M. is holonomic and the b-function of M relative to {0} is equal to 

b{9) = 9(6-1). ..(9 + n- M) 

where M is the sum of the degrees of the polynomials pi,...,p n and 9 the Euler vector 
field of X . This b-function is monodromic in the canonical coordinates o/C™. 

Proof. — The Nullstellensatz shows that there is some integer Mi such that the 
monomial £ Q are in the ideal generated by pi, . . . ,p n if |a| > M\. In fact it is known 
that the lowest Mi is M — n (the proof uses the Hilbert polynomial). Then lemma 
12. 3. 21 shows that the b- function of Ai divides 6 ...(9 + n — M). It has been proved by 
T.Torrelli |21j that all integers 0, . . . , M — n appear effectively as roots of b. □ 

Proposition 2.3.4- — Let pi,...,p n be the same polynomials as in the previous 
proposition and let Pi, . . . P n be differential operators such that cr(Pi) = pi. Let I be 
the ideal of T>x generated by the operators Pi,...,P n and M. = T>x/T- The T>x- 
module M. is holonomic and the b-function of M. relative to {0} is equal to 

b(6) = 9(6 - 1) . . . (6 + n - M) 

The b-function of M. along a vector subspace L of C™ divides the same polynomial b. 

Proof. — Each function £ Q for \a\ — N = M — n + 1 is written as = QdiQPife) 
and 

b(9) = J2 ^T xaD * = E ^ a lt(D x )Vi(D x ) 

\a\=N \a\=N 
i—l....,n 

= E ^x a qf(D x )P i (x,D x ) + V ^\x a qf(D x ){p i (D x )-P i (x,D x )) 

\a\=N \a\=N 
i— l,...,n i— 1 ,n 
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By definition, the order for the ^-filtration along {0} is always less then the usual 
order with equality if the operator has constant coefficients. So the order for the 
^-filtration of ^■x a qf(D x )(p i (D x ) — Pi(x,D x )) is strictly less than the order 
of ^x a qf (D x )pi(D x ) which is the order of b(6), that is 0. On the other hand 

^TX a q°'(D x )Pi(x, D x ) is in the ideal I hence b(9) is a 6-function. 

For the second part, we choose linear coordinates of C" such that L = 
{ (x, t\, . . . , td) eC" | t — } and we write 

b(<t,D t >) = £ ^tPD? 

As all Z)f for \(3\ = N are in the ideal generated by pi(D x , Dt), . . . ,p n (D x , Dt) the 
proof is the same then before. □ 



2.4. Proof of the main theorem. — Let ip : Y — > X be an algebraic map. A 
vector field u on Y is said to be tangent to the fibers of (p if u(f o tp) — for all / 
in Ox ■ A differential operator P is said to be invariant under ip if there exists a k- 
endomorphism A of Ox such that P{f ocp) = A(f) o tp for all / in Ox- If we assume 
from now that <p is dominant, A is uniquely determined by P and is a differential 
operator on X. We denote by A = <p*(P) the image of P in T>x under this ring 
homomorphism. 

We fix a Cartan subalgebra f) of 9 and denote by 2U the Weyl group 2H(g, h). 
The Chevalley theorem shows that 0(g) G is equal to k[P\, . . . , Pi] where (Pi, . . . , P{) 
are algebraically independent invariant polynomials and I is the rank of q, that the 
set of polynomials on f) invariant under 2U is 0{\)) w — fc[pi, . . . ,pi] where pj is the 
restriction to f) of Pj and that the restriction map P 1— > P\^ defines an isomorphism 
of 0{q) g onto 0(t)) w |21 §4.9.]. The space W = f)/2U is thus isomorphic to k l 
and the functions P\, . . . ,Pi define two morphisms tp : 2 — > W and ip : \) — > by 
^i(x) = (Pi (a;), . . . ,P(x)) and <^(z) = (pi(z), . . . ,pi(z)). 

An operator Q of 2?^ transforms invariant functions into invariant functions hence 
is invariant under ip and ip*(Q) is a differential operator on W. A vector field of t(q) 
annihilates the functions Pi, . . . , p hence is tangent to the fibers of ip. In the same 
way, let be the space of differential operators on f) which are invariant under the 
action of the Weyl group 2U, they are invariant under <p> and define operators on W 
through (p*. 

Let V[(q) g (resp. P(f)) 2D ) be the set of global sections of V G (resp. of T>f). The 
morphism of Harish-Chandra p>] is a morphism of sheaves of rings S : 2?(g) G — > T>(\)) w 
which satisfies the following properties: 

1. If / e 0( B ) G ~ 0(\)) w then 5(P)(/|f,) - A 1 /2p(/) A - 1 /2| f) . 

2. If / e C(g) G , 5(f) is the restriction of / to ^ 

3. If / G 5'(g) G and / is considered as a constant coefficients operator, then 5(f) 
is the restriction of / to f)*. 

4. The morphism 5 is surjective onto 25(f)) 211 . 

5. The kernel of 5 is 2?(g) G n V(q)t(q). 
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The last two results have been proved algebraically by Levasseur and Stafford in 
|15| and |16j . Let E be the Euler vector field of g and ■& the Euler vector field of f). 
The function A is homogeneous of degree n—l (|2.2|l hence 8(E) is equal to (n— Z)/2. 

Let be the sheaf of differential operators on W with poles on {d = 0} 

and be the ring of its global sections. The function A is invariant hence 

of the form d(P\, . . . , Pi) and the formula Q i— > d 1 l 2 Qd~ 1 / 2 defines an isomorphism 7 
of XV [d -1 ]. We get a diagram: 



v(q) g v^r 



(5) 



v(w)[d- 1 } v(w)[d- 1 ] 

If / is a polynomial on W and Q an operator of V G we have ip*(S(P))(f) = 
"/(?p*(P))(f) from the definitions hence the diagram is commutative. We can avoid 
the denominators [d^ 1 ] in the diagram because of the following lemma: 

Lemma 2.4-1- — The morphism 7 sends the image oftp* into T>(W) while its in- 
verse 7 _1 sends the image of <p* into T>{W). 

Proof. — This commutativity of the diagram shows that if an operator of T>(W) is 
in the range of tp* then its image under 7 is in V(W). 

Conversely let us choose a positive system of roots for (g, ()) and define a function 
by tt — n Q> o<x Then tt is a product of distinct linear forms, its square tt 2 is equal to 
the restriction of A to f) and it is changed to — tt under a reflection of the Weyl group. 

Let P e T>(\)) w and / S O^ , by definition the function Pf is invariant under 
2U while the function 7r~ 1 P(7r/) is in C[,[7r _1 ] and is invariant under 2U. Hence the 
function r = P(wf) is in Of, and changes its sign under the action of reflections. 

Let z be a point of {tt = 0}, there exists a root a such that a(z) = 0. Let s be the 
reflection which let the hyperplane {a = 0} invariant. We have t(z) = t(z s ) — —t[z) 
hence t(z) = 0. As r vanishes on {tt = 0} and tt has multiplicity 1, r is divisible by 
tt and tt^ 1 P(Trf) has no denominator. 

So the operator tt~ 1 Ptt is in ©(f)) 211 ^ -1 ] but applied to an invariant polynomial it 
gives a polynomial. Its image under is thus a differential operator of 
which sends any polynomial to a polynomial hence an operator of T>(W). □ 

Let F be an (H-C)-type subsheaf of Trf , we define four D-modules: 

— A4p is the (H-C)-type P -module. It is equal to the quotient of T> B by the ideal 
If generated by t(q) and F. 

— Mf is the quotient of T>w by the ideal generated by ip*(F). 

— Ai F is the quotient of by the ideal generated by 8(F). 

— J\f F is the quotient of T>w by the ideal generated by tp*(8(F)). 

Let l B ^w be the canonical generator of V B ^v as defined in the proof of corollary 
11.4.41 and u g ^\y its class in i/j + JVf. We denote by A4 F the 2? B -submodule of iP + JVf 
generated by u g ^w 
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Theorem 2.4-2. — The module M. F is conic-tame. 

In this section we prove this theorem and in the next section we prove that M F is 
isomorphic to M F . 

Proposition 2.4-3. — Let n be the dimension of g, I its rank. Then there exit some 
positive integer N such that 

n - I 

b(T) = (T — N) . .. T(T + 1) . . . (T + — — ) 

is a quasi-b -function of total weight (n + l)/2 for J\f F along {0}. Moreover, N = if 
a(F)=S + (g). 

Proof. — We recall that the rank / of the algebra g is the dimension of a Cartan 
subalgebra and that the degrees ni, . . . , raj of the generators Pi, . . . , Pi of 0(g) G are 
called the primitive degrees of g and that their sum is |22| . The map ip : g — > W is 
defined by (Pi , . . . , p ) , hence if E = ^ Xi D Xi is the Euler vector field of g , r] = ip„(E) 
is equal to Y^ n iUDti- 

The morphism 6 is graded and its restriction to S(g) G is the map Q i— » q = Q|f, 
hence a (6(F)) the set of principal symbols contains a power of S+(t)) w (and is equal 
to S + (i)) w if a(F) — S + (g)). We may then apply proposition 12.3.41 to the module 
Ai F and we find that its ^-function is equal to &o($) = — 1) • • • ($ — M) where 
d is the Euler vector field of f) and M is a positive integer equal to (ra — l)/2 if 
a (6(F)) — S+(f)) 2n . This means that there exist differential operators R, A\, . . . , A\ 
on f) such that R is of order —1 for the V-filtration in {0} such that 

&oO?) + R(z, D z ) = Ai(z, D z ) qi (z, £>,) + ••• + Ai(z, D z ) qi (z, D z ) 

The action of 22J on Pf, does not affect the ^-filtration and &o($) an d au <k(z> D z ) are 
invariant under the Weyl group, so if we take the mean value (that is X)u>e2U 
we find the same relation with R and all A% invariant under 233. 
Applying tp* and 7 _1 we find 

&o(7"V*W)) + 7 _1 (^*(^)) = Pi<MQi) + ■ ' ' + Bi^(Qi) (6) 

with Pi, . . . ,P>i in T)(W) flemma feAlf) and r y^ 1 (f*(qi)) — tp*(Qi) (the diagram[5]is 
commutative). 

As ip — (pi, ... ,pi) and p, has degree m, ¥>*($) is equal to r/ — nitiD^. We have 
7~ 1 (?7) = d~ 1 / 2 ip*('d)d 1 / 2 — tp t ,(A~ 1 / 2 i9A 1 / 2 ) and the function A is homogeneous of 
degree n - I hence A _1/2 tfA 1/2 = <& + (ra - l)/2 and ~i~ x (n) = r) + (ra - 0/2. □ 

Proposition 2.4-4- — P° r each nilpotent orbit S of codimension r, M° F has a b- 
f unction of total weight (ra + r)/2 along S equal to 

n - I 

b(T) = (T — N) . .. T(T + 1) . . . (T + — — ) 

with N = if a(F) = S+(g). Here n is the dimension of g and I its rank. 
All roots of b are strictly greater than — hence this b-function is tame. 
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Proof. — Let us consider first the null orbit S — {0}. We apply corollary 11.4.31 to 
X' = g, X = W, f = ip, W — g, ip' is the identity map of g, ip the identity map 
of W and F : g Y — * W is the map ip. The weights (m^, . . . , m' n ) on g are (1, . . . , 1), 
that is the V^-filtration on g is the usual v-filtration relative to {0}, and the weights 
(mi, . . . , mi) on W are the primitive degrees considered in the proof of Proposition 
12.4.31 Then F is quasi-homogeneous and we get directly the result for S = {0}. 

Consider now the nilpotent orbit S of maximal dimension, then S is the smooth 
part of the nilpotent cone and ip : g — > W is smooth on S. We apply corollary 1 1.4. 31 
to X' = g, X = W, f = ip, W = W, ip' = ip, (p and F are both the identity map of 
W. The weights on g and on W are the weights (mi, . . . , m{) considered on W in the 
case of the null orbit. 

We consider now a non null nilpotent orbit S. Let X e S, by the Jacobson-Morozov 
theorem, we can find H and Y in g such that (H, X, Y) is a sfe-triple. They generate 
a Lie algebra isomorphic to which acts on g by the adjoint representation. The 
theory of s^-representations shows g splits into a direct sum E(Xi) of irreducible 

submodules. The dimension of E(Xi) is A, + 1 hence n — + 1). Moreover 

g = [X, g] © g y , dimg y = r and we can select a basis (Yi, . . . , Y r ) of g Y such that 
[H, Y{] = — XiYi. The tangent space to S at X is [X,g] hence r is the codimension of 
S. 

The map v : G x g y — » g given by Z) = g>.(X + ^) is a submersion because its 
tangent map is the map g x g Y — > g given by (Z', Z) i— > [Z', X] + Z. Let gi be a linear 
subspace of g such that g = g x © gi, we have [g, X] = [gi, X]. We choose functions 
(oti, . . . , a r ) on G whose differentials at the unit e of G are the equations of gi in g 
and define A = { g G G \ a\{g) = ■ ■ ■ = a r (g) }. Then there is a Zarisky open subset 
U of A x g Y containing (e, 0) which is smooth and such that the map v : U — > g is 
etale. 

Let (si, . . . , s r ) be the coordinates of g y associated with the basis (Fi, . . . , Y r ), 
they define functions (s\, . . . ,s r ) onU and ^(s _1 (0)) is equal to S. Let 770 = v*E on 
U (E be the Euler vector field of g). A standard calculation .23, Part I, §5.6], shows 
that r]o(si) = (Aj/2 + l)si hence the map Fq : g Y — > g defined by Fq(Z) = X + Z 
is quasi-homogeneous if the weights on g Y are m' i = (Aj/2 + 1) for i = 1, . . . , r and 
the weights on g are (1, . . . , 1). The map F : g Y -> W defined by F(Z) = ip(X + Z) 
is thus quasi-homogeneous with the weights {rn'-y, ■ ■ • , m' r ) on g Y and (mi, . . . , m;) on 
W. 

Now, we apply corollary ITX31 to Z' = U, X = W, f = ip a v, W = g Y , cp' the 
projection U — > g y and i 7, : g r — > W = fc z given by F(Z) — ip(X + Z). This gives the 
6-function for v+Ai'p and thus for M® F by lemma IT. 2. 51 □ 

Let us now consider the non- nilpotent strata of the stratification of g ( t!2.2fl : 

Proposition 2.4-5. — The module Ai^p admits a tame quasi-b- function bs along 
each stratum S . 

More precisely, if the stratum is S'(p.o) according to definition^ and qp the asso- 
ciated semi-simple Lie subalgebra of g, then 
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a) bs depends only on P and its roots are integers greater or equal to — (to — k)/2 
where m is the dimension of c\p and k its rank. 

b) The total weight ofb$ is equal to (m + r)/2 where r is the codimension of D in 

qp- 

In particular, on the stratum of codimension 1 in g, the roots of the usual b- function 
of Adp are half integers greater or equal to —1/2. 

Proof. — We fix a Cartan subalgebra of g and a subset P of roots with the notations 
of H2.2I This define a semi-simple algebra qp to which are associated the maps 
tpP : qp — » Wp and ipp : hp — » Wp. Here Wp is a vector space of dimension the 
rank of qp. The Cartan subalgebra h splits into the direct sum h = hp © hp and this 
define a map ip' p — tp P ® 1 : h — > W — k l © hp. 

Let S 6 hp, we know from section l2~2l that g s — hp © qp and as 5 is semisimple 
we have g = [g, S] © s . The map v : G x g s — > g defined by z/(<?, Z) = ,g.(Z + S) is 
thus a submersion. Let (a±, . . . , a r ) be functions on G whose differentials at e are the 
equations of [g,S] in g and define A = {g € G \ ct\{g) = ■ ■ ■ = a r (g) }. Then there 
is a Zarisky open subset U of A x q s containing (e, 0) which is smooth and such that 
the map v : U — > g is etale. Let -0' : U — > be defined as the composition of the 
canonical projection A x g s — > g s and oi ipp. 

Now we follow the proof of proposition 12. 4. .^1 with the same notations. Applying 
the second part of proposition 12.3.41 to L = {0} x (hp)', we find that Mp admits 
a monodromic 6-function along L which is equal to &o(^p) = $p{$p — 1) . . . ($p — 
N' + l)(i?p — AT') where ^p is the Euler vector field of hp and N' is less or equal 
to TV = 2^ with n the dimension of g. This means that there exists I differential 
operators R, A±, . . . , Ai on h that we may assume invariant under Wp, with R of order 
— 1 for the Infiltration associated with L such that &o($p) + R = ^lfZj D z )qi(D z ) + 
■ • • + D z )qi(D z ). If A = we have R = 0. 

As these operators are invariant under Wp hence under <p' we may apply tp' t and 
7 _1 and find an equation &o(7 1 ( ? 7)) + 7 ~ V*(i?) = -BiV , *(Qi) + • • • + with 
B\,...,Ri in V(W) and 77 = <p*($). In the coordinates of defined by the isomor- 
phism ip' : k l ® (hp)' — * the vector 77 is equal to n itiDt t where the rii are the 
primitive degrees of hp, it is associated with the manifold L' = <^'({0} © (hp)')- 

As A is the product of Ap by a function which does not vanish on a neighborhood 
of L, the function d which defines the morphism 7 is the product of the corresponding 
function dp associated with hp by a function g which does not vanish in a neighbor- 
hood of L'. So we have 

J-Hv) = Q- 1/2 d p l/2 nd p /2 e l/2 = g- 1/2 (V + N P ) g 1 ' 2 = (r, + N P ) + a 

where Np is (to — k)/2 (to is the dimension of qp, k its rank) and a is a function 
which vanishes on L' hence of order at most —1 for the V -filtration. The operator 
7 _1 <y9*(i?) is also of order —1 for the V^-filtration. 

We have proved that A/p admits a 6(?7)-function along L' which is equal to b(T) = 
(T - N P ) . . . (T - N P + N). The end of the proof is the same than to the proof of 
proposition ^. 4. 4l □ 
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Proposition 12.4.51 shows that M F is tame. To prove theorem 12 . 4 . 21 we have still to 
prove that it is conic. This come from the fact that the singular support of M° F is 
conic for the Euler vector field of g and the vector fields associated with the strata 
are equal to this Euler vector field modulo vector fields tangent to the orbits. 

2.5. Isomorphism with the inverse image. — We recall that M F is the sub- 
module of i/j + Mf generated by u 3 ^Wi it is the image of the morphism Mf — > ip + Mp. 

Theorem 2.5.1. — The canonical morphism Mf — > Mp is an isomorphism. 

Proof. — 1st step:From semi-simple Lie algebras to reductive algebras. 

Assume that the result has been proved for semi-simple Lie algebras and let g be a 
reductive algebra, direct sum of its center and a semisimple Lie algebra. By induction, 
we may assume that g = c © g' with c subspace of the center of dimension 1 and g' 
reductive Lie algebra for which the result has been proved. 

Let t a coordinate of c and r the corresponding coordinate of the dual space c* . By 
the hypothesis, there is a differential operator in F whose principal symbol is equal to 
some power r q . This means that g' = {t = 0} is non characteristic for Mf- Let K, be 
the kernel of Mf — > M F . We have an exact sequence — > K, — ► Mf — ► M F — * 
of non characteristic P g -modules. As the inverse image is an exact functor in the 
non characteristic case, this gives an exact sequence — ► IC/tK — ► Mp/tMF — > 
M F ltM F — > 0. If we prove that K/tK, — 0, we will have K, = (as K is non 
characteristic). 

So, we have to prove that Mp/tMF — ► M F /tM F is injective. Here we use the 
same proof than in |1 31 Lemma 2.2.3.]. In fact, as 2? S '-module Mp/tMF is generated 
by the classes of 1, D t) . . . , D\~ x and the submodule generated by F)\~ x is a module 
on g' of the same type than M f for which the theorem is true. Then we consider the 
quotient of Mp/tMp by the module generated by F)\~ x and argue by induction. 

2nd step:The result is true at points X £ g whose semi-simple part is non zero. 

By the first step, we may assume that g is semisimple. Let 5 be a non zero 
semisimple element of g, g s its centralizer and G s the corresponding group. The 
spaces C(g) G and 0(g s ) G are isomorphic hence the space Ws associated with g s is 
equal to W and the map ips '■ 9 S —> W is the restriction of ip : g — > W. Thus the 
sheaf of differential operators on g s invariant under the action of G s is isomorphic to 

By induction on the dimension of g, we may assume that the theorem is true 
for g s hence that the morphism Mp — > ipgAfp is injective. Here Mp is the V g s 
module associated with F and Mf the quotient of T>w by the ideal generated by 
F. By definition, the germ at S of i/j+Mf is {ip + M F )s = O s , s ®O flS s (^sMf)s- 
On the other hand, we have (T> s /T> b t(q))s — O fl ,s ®o e s s (^g s /^ > s sT (2 S ))s hence 
Mf.s = 3i s ®o s s s Mp.s- The morphism Mf — * iP + Mf is thus injective at the 
point S hence at all the orbits whose closure contains S that is in particular at all 
points X whose semisimple part in the Jordan decomposition is S. 

3nd step:The case of nilpotent orbits. 
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Let /C be the kernel of A4p — > M° F . By the second step, we may assume that the 
theorem is true at all non nilpotent points of g that is that K, is supported by the 
nilpotent cone. Let IC(g) be the set of global sections of K, invariant under G, we 
get an exact sequence 

-> /C( ) G -> X( ) G -> X (fl) G — 

and by lemma 3.2.] we have -M(fl) G = X (fl) G = A/> hence /C(g) G = 0. Then 
/C = bv [TPl lemma 3.2.] . □ 

Remark that the third step is also a consequence of the property (5) of the Harish- 
Chandra morphism which has been proved by Levasseur-Stafford 
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